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Abstract

We prove existence of stationary Markov perfect equilibria in an infinite-horizon model of
legislative policy making in which the policy outcome in one period determines the status quo
in the next. We allow for a multidimensional policy space and arbitrary smooth stage utilities.
We prove that all such equilibria are essentially in pure strategies and that proposal strategies
are differentiable almost everywhere. We establish upper hemicontinuity of the equilibrium cor-
respondence, and we derive conditions under which each equilibrium of our model determines a
unique invariant distribution characterizing long run policy outcomes. We illustrate the equilib-
ria of the model in a numerical example of policy making in a single dimension, and we discuss
extensions of our approach to accommodate much of the institutional structure observed in
real-world politics.

1 Introduction

Political interaction in modern democracies counts among the most complex phenomena subjected
to scientific inquiry, and practical considerations dictate that we attempt to accommodate this
complexity in formal political modeling. Doing so would appear essential, for example, for the
detailed analysis of the effects of public policy and the design of constitutions. In this spirit, we
study policy making within a legislative body or, more generally, a government in which policy
initiatives are systematically subjected to review by political actors with authority to enact policy.
Our goal is to develop a model of policy making that (i) accounts for the multidimensional aspect
of public policy and idiosyncratic details of policy preferences, (ii) captures the ongoing nature
of policy making, and (iii) allows for the kinds of random shocks (e.g., on preferences and the
environment) to which political interaction is subjected over time. We provide a benchmark model
that satisfies these desiderata and allows us to confront the central theoretical difficulties arising in
applications. The model is intentionally austere, in that we do not incorporate the rich spectrum
of political institutions observed in the real world, but our approach is very general: we conclude
with a discussion of how our results extend to an institutionally detailed version of the model. And
although we are motivated by the application to legislatures and democratic politics, the issues we
address are fundamental and would arise in a host of dynamic bargaining contexts, such as wage
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period. These shocks can be viewed as a reduced form representation of uncertainty about the
preferences of constituent voters or about other aspects of the legislators’ electoral environments.

The equilibrium behavior of legislators in our model is potentially highly complex, owing to
the vast multiplicity of histories in the game. At a minimum, proposal strategies must depend on
the current status quo and preference parameters, and voting strategies must depend additionally
on the policy proposed. It is therefore natural to focus on stationary Markov perfect equilibria,
a refinement that precludes more complicated forms of history-dependence. Due to their relative
simplicity, such strategies minimize the difficulty of strategic calculations and may therefore possess
a focal quality. From a practical econometric point of view, moreover, stationarity is critical
for the identification of empirical models (cf. Ericson and Pakes (1995) and Aguirregabiria and
Mira (2007)).! Existence of stationary equilibria in general dynamic games is a difficult issue,
however, for discontinuities can arise due to expectations of future play of the game: if players
use discontinuous strategies, then a small change in one player’s action in the current period may
lead to a large response by other players, creating a jump in the discounted sum of payoffs even if
stage payoffs are continuous. It is customary in the literature on stochastic games to gain traction
on existence by adding noise to the transition from the current state to next period’s state and
imposing continuity assumptions on transition probabilities. In our model, uncertainty about next
period’s status quo and future preferences of legislators plays a similar, though diminished, role.
These two types of noise, the common shock to current policy and the idiosyncratic shock to each
legislator’s preferences, confer rather distinct analytical benefits: the idiosyncratic component is
critical for uniqueness of best responses, while the common component is used to obtain needed
continuity and compactness conditions. A similar decomposition of noise can be found in the
dynamic industrial organization literature, as in Aguirregabiria and Mira (2007) and Doraszelski
and Satterthwaite (2007).2 As we discuss in the next section, however, our formulation of noise is
not sufficient for the model to fulfill the standard continuity assumptions on transition probabilities
in the stochastic games literature, and we cannot obtain existence “off the shelf.”

Given the complexity of our model, analytical solutions are likely to be out of reach in many
interesting applications, and we therefore add a fourth item to the desiderata (i)—(iii) stated above:
in addition, we seek a model that (iv) permits analysis of equilibrium by numerical methods.
Though we prove existence of equilibrium, a necessary condition for the meaningful application of
numerical methods, existence alone is not sufficient for numerical analysis, for dynamic games with
a continuum of actions can present formidable challenges to computation of equilibrium if players
use mixed strategies. In this respect, our characterization results take on added significance. We
know that all equilibria of our model are essentially pure, and in fact we show that proposers
almost always have unique best responses, removing an important obstacle to the application of
numerical techniques.®> From there, we take an additional step toward a practical algorithm for
numerical analysis of our model by means of an increasing sequence of finite grids on the policy
space. Because upper hemicontinuity holds even when the policy space varies, an implication of
our results is that if we compute stationary equilibria for each finite grid in the sequence, then
the ensuing sequence of equilibrium continuation values will have an accumulation point, and this

!See Maskin and Tirole (2001) for an elaboration of these points and further grounds for interest in stationary
equilibria.

2The addition of noise to dynamic models has also been fruitful in such applications as the study of intergenera-
tional transfers in growth economies. See, e.g., Bernheim and Ray (1989) and Nowak (2006).

3The significance of pure strategy equilibria for the computational tractability of dynamic games is highlighted
by Herings and Peeters (2004) and Nowak (2007) and is emphasized by Doraszelski and Satterthwaite (2007) in the
context of a dynamic oligopoly model.



will correspond to an equilibrium of the continuum model. We demonstrate this approach in a
simple example in which five legislators must choose policies in an interval of the real line. We
compute a stationary equilibrium that illustrates how slight asymmetries in stage utilities can lead
to qualitative differences in equilibrium behavior, and we verify that the unique ergodic distribution
piles probability mass close to the ideal point of the median voter.

Specializing to the case of distributive bargaining, our model is related to the work of Baron
and Ferejohn (1989) and the political science literature spawned from it, but with an important
difference: their model ends with the proposed allocation of surplus if a majority of legislators accept
the proposal, which occurs, in equilibrium, in the first period of the game. Thus, while the model
can be used to examine policy choices across legislative sessions by simply repeating the bargaining
game each session, this is appropriate only if policies remain in place for a single session with an
exogenously fixed default outcome at the beginning of the next. This is often the case in budgetary
negotiations, but the model is inadequate for the analysis of continuing legislation, where policy
remains in place for the indefinite future and endogenously determines the status quo in subsequent
negotiations. In seminal work on the endogenous status quo model, Baron (1996) considers a model
in which legislators have single-peaked stage utilities over a one-dimensional policy space and must
choose a sequence of policies over time, each period’s policy outcome becoming the status quo in
the next. He proves that stationary equilibrium policy outcomes converge to the ideal point of the
median voter over time, consistent with our numerical example of one-dimensional policy-making,
though our model generates richer dynamics due to the presence of noise. The model has been
extended to special multidimensional settings by Kalandrakis (2004c, 2005a), Fong (2005), Cho
(2005), and Battaglini and Coate (2007a,b), who give constructive proofs of equilibrium existence
relying on the particular structure of their models.

In Section 2, we give a more thorough review of the bargaining literature in political economy
and the literature on stochastic games, as well as the related literature in dynamic industrial
organization. In Section 3, we present the model formally and describe our solution concept. In
Section 4, we state our existence and characterization results. In Section 5, we present a numerical
example. We conclude with a discussion of extensions of the model in Section 6, and we collect all
proofs in Appendix A.

2 Literature Review

Before turning to the analysis, we first give a more in-depth review of the literature on bargaining, as
it relates to legislative modeling, the literature on existence of stationary Markov perfect equilibrium
in stochastic games, and the related literature in dynamic industrial organization.*

Bargaining Most of the existing work on bargaining considers an infinite-horizon game where
in each period one agent makes a proposal and that proposal is either accepted, in which case
the game ends with the proposed outcome, or rejected, in which case bargaining continues for at
least one more round. This literature begins with the work of Rubinstein (1982) on two-person,
alternating-offer bargaining, which is modified by Binmore (1987) to allow for a randomly de-
termined proposer. The model was extended to cover legislative politics by Baron and Ferejohn
(1989), who allow for an arbitrary number of legislators and assume a simple majority is required

4Our model also has connections, though not as tight, to the macroeconomic literature on quasi-geometric dis-
counting, where dynamic decision making is modeled as a game between present and future selves (cf. Krusell and
Smith (2003)). Here, the extra discounting on future utility acts somewhat like the probability of a “self” being
recognized to make a proposal. We thank Tony Smith for this observation.



for a proposal to pass. As with Rubinstein’s and Binmore’s work, the subject of bargaining is the
allocation of a fixed surplus, often interpreted as pork barrel spending in the legislative context.

A substantial literature cutting across economics and political science has grown from these
papers. For example, Baron (1991) examines the case of a two-dimensional set of alternatives, three
or four voters with quadratic preferences, and voting by majority rule. Merlo and Wilson (1995)
prove uniqueness of stationary equilibrium, assuming unanimity rule and allowing the amount
of the surplus to vary stochastically over time. FEraslan (2002) proves uniqueness of stationary
equilibrium in the original Baron-Ferejohn model. Banks and Duggan (2000) prove existence and
examine connections to the core of the associated cooperative voting game in a version of the
model with general set of alternatives, preferences, and voting rule. Kalandrakis (2004b) gives
a simplified proof of existence using a characterization of equilibrium in terms of the solutions
to a finite number of equalities and inequalities. Kalandrakis (2006a) examines regularity of the
general bargaining model for generic discount factors. While all of the previous work implicitly
assumes that delay is bad for the agents, Banks and Duggan (2006) allow for an arbitrary status
quo, re-establish results from the earlier framework, and provide a new analysis of the possibility of
delay. Cho and Duggan (2003) prove uniqueness of stationary equilibrium in the one-dimensional
model with quadratic utilities, and Cho and Duggan (2005) prove an asymptotic median voter
theorem in the one-dimensional bargaining model without stationarity. This class of models has
found numerous applications to legislative policy making,® but while these applications capture
some dynamic aspects of politics, they uniformly assume that the game ends once a proposal is
accepted.

A small literature considers the effects of endogenizing the status quo: each period begins with
a status quo, then one agent makes a proposal and that proposal is either accepted, in which case
it becomes the current policy and the status quo for the next period, or rejected, in which case the
current status quo remains in place until the beginning of next period. Whether the current period’s
proposal is accepted or rejected, the process is repeated next period, and so on. There are currently
no general results for this model, though there are constructions of stationary equilibria in special
cases. Baron (1996) analyzes the one-dimensional version of the model with single-peaked stage
utilities. Kalandrakis (2004a, 2005a) establishes existence and continuity properties of equilibrium
strategies in the distributive model, obtains a fully strategic version of McKelvey’s (1976; 1979)
dictatorial agenda setting in that setting, and studies the composition of equilibrium coalitions and
the effect of risk-aversion on equilibrium.% Baron and Herron (2003) give a numerical calculation
of equilibrium in a three-legislator, finite-horizon model. Fong (2005) considers a three-legislator
model in which policies consist of locations in a two-dimensional space and allocations of surplus.
Cho (2005) analyzes policy outcomes in a similar environment but with a stage game emulating
aspects of parliamentary government. Similar in spirit to the above, Battaglini and Coate (2007b)
characterize stationary equilibria in a model of public good provision and taxation with identical
legislators and a stock of public goods that evolves over time. Battaglini and Coate (2007a) consider
a dynamic model of public spending and taxation in which the state variable is the amount of public
debt. All of the above analyses of stationary equilibria consist of explicitly constructing equilibrium
strategies, which, given the dependence of proposals on the status quo, can be extremely complex.

A number of related papers diverge in various ways from the above literature and our model.

®See, for example, Diermeier et al. (2003), Jackson and Moselle (2002), Kalandrakis (2004a, 2005b, 2006b), Mc-
Carty (2000), and Merlo (1997).

5In contrast, Epple and Riordan (1987) allow for history dependent strategies and derive folk theorem results in
the distributive model.





